S.1 Further Finite Sample Power Properties
We consider an expanded set of finite sample size and power scenarios associated with Tables 3-4 (size) and Tables 5-7 (power) in the main text and which we label as Tables 1-S to 18-S below. Table 1 -S considers the same size experiments under conditional homoskedasticity as in Tables 3-4 but with the non-centrality parameter set to c = 10. The similarities in size properties with the cases c = 1 and c = 40 of Tables 3 and 4 further support the robustness of the null asymptotics to the persistence properties of the predictor x t .
Tables 2-S to 4-S extend the scenarios considered in Table 5 (empirical power under conditional homoskedasticity) across two directions. Table 2 -S is a repeat of Table 5 using σ ζ, = −0.9 instead of σ ζ, = 0 and as in our earlier experiments we note that a non-zero covariance σ ζ, leaves all empirical powers virtually unchanged, as expected by the asymptotic distribution theory. Tables 3-S and 4-S continue to explore the power properties of our test statistics under conditional homoskedasticity but with an intercept shift only scenario and σ ζ, ∈ {0.0, −0.9}. We note a clear and substantial drop in power for such DGPs. Both C SQ and A SQ are unable to detect intercept shifts unless the latter are very large. Nevertheless, power does increase monotonically as we move further away from the null setting.
Tables 5-S to 10-S consider additional parameterisations of our DGPs in Tables 6-7 which document the finite sample power properties of C SQ and A SQ across alternative long run variance estimators. Those include the case ρ v = 0.5 under σ ζ, = 0 and σ ζ, = −0.9 as well as parametrisations with intercept only shifts. Our findings continue to highlight the detrimental impact that large magnitudes of ρ v have on power while the magnitudes of σ ζ, continues to have little influence. Tables 7-S to 10-S which concentrate on intercept shift only DGPs highlight the interesting fact that the power monotonicity problem does not arise when the alternative model has a constant slope. In such instances inferences based on eitherφ hac1 andφ hac2 lead to quantitatively similar but poor empirical power magnitudes especially under π 0 = 0.5.
Finally Tables 11-S to 18-S document further power properties supplementing our findings in Tables 6-7 . The experiments are conducted imposing σ ζ = 0 as opposed to σ ζ = −0.9 in the main text. Focusing first on joint intercept and slope shifts we note that both C SQ and A SQ based inferences remain virtually unaffected by setting σ ζ = 0 when operating under either conditional homoskedasticity or conditional heteroskedasticity. Inferences based onφ hac2 continue to display non-monotonic power profiles with a mildly slower decline in power compared to the σ ζ = −0.9 scenario. Interestingly, when the DGP is solely characterised by an intercept shift inferences based on eitherφ 2 hac1 orφ 2 hac2 lead to very similar empirical power estimates and the power non-monotonicity problem does not kick in as it was the case for σ ζ = −0.9.
S.2 Empirical Powers as T grows
Our finite sample power experiments were conducted along the same lines as in Deng and Perron (2008b) using a fixed sample size of T = 200. For a selection of key cases we have also repeated the same experiments using an increasing sample size ranging from T = 100 to T = 1000 and for a given shift size. Results are presented in Tables 19-S and Across all experiments and for both test statistics it is clear that power increases towards 100% as T is allowed to grow, as expected from Proposition 2. Under conditional homoskedasticity we note that empirical powers obtained usingφ hac1 andφ hac2 are substantially smaller than theirφ hom based counterparts but the spread narrows rapidly as T is allowed to grow. 
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